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Vectors & Matrices

Introduction

Vectors were developed from Quaternions (which are really cool) in the latter
part of the 19" century, quaternions themselves being generalisation of
complex numbers (square roots of negative numbers) developed in the 16"
century. Vectors are particularly useful in engineering and architecture for
dealing with geometry in three-dimensional space.

Matrices were the idea of Arthur Cayley, a lawyer who became a
mathematician. In 1858 he demonstrated the use of matrices in the solution
of simultaneous equations, a purpose for which they are widely used today.
Many types of problems in engineering give rise to linear algebraic
simultaneous equations, and matrices are also useful for analysing complex
linear structures by computational or numerical methods.
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Vectors & Matrices

Whilst everything which is discussed in this introduction works for vectors and
matrices in three, four and higher dimensions, these notes generally explain
everything in 2D first, in order to make the notes less complicated to read and
easier to understand. Later we are going to use it all for some very
complicated work in 3D, and the tutorial questions will involve you using these
concepts in 3D, but for now we will keep things simple.

Vector Algebra

In its simplest form, a vector is just a list of quantities. However, in
engineering, it is usual to use a geometrical interpretation of vectors, where
the separate quantities relate to amounts of translation along a set of axes.
Vectors therefore have a direction and magnitude. They are usually written
as a column of numbers or “elements”, and are represented in algebra with a
lower-case letter in bold, or underlined, or with a little arrow above, such as a,
a or a.

For example, in 2D, if we let the first quantity represent the x-displacement
and the second the y-displacement, then the vector can represent any given
displacement in the XY plane:

The vector a below represents a displacement from point P to point Q, which

is 3 units along the X-axis and 4 units along the y-axis. Its direction is from
point P towards point Q.

Y

Vectors can also be used to represent points in space, by defining the
displacement of the vector to be relative to the coordinate system origin (0,0).
The sketch below for example shows position vectors p and q representing
points P and Q respectively.
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<

a1

> X

If a vector a represents a displacement from point P to point Q, then the
negative vector —a has the same length but the opposite direction (i.e. from
point Q to point P) and is found by changing the sign of each element in turn.

Vectors can be added together, and this can be thought of as first making one
displacement and then another. For example, if a vector a represents a
displacement from point P to point Q, and similarly a vector b represents a
displacement from point Q to point R, then the sum a+b can be thought of as

a displacement from P to Q and then from Q to R, which is the same as going
from P to R directly.

a+5=(,)+(>)=("))
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Addition

The sum of two vectors is found algebraically by summing the individual
parts, as shown above. This obviously means that only vectors of the same
dimension (number of elements) can be added. It also follows that the order
of vector addition is not important, since one could move from P to R by either
first moving in direction a and then b (via point Q), or first b and then a (via
point Q* as shown below).

Multiplication by a scalar

From this, and the usual mathematical definition of multiplication being the
same as adding something to itself a number of times, vectors can be scaled
by a constant in the obvious way. For example:

ara+a=()+()+ (=011 =()=Gr)=3x() -2

Magnitude

The distance between points P and Q can be found using Pythagoras as
=32+ 42 =5, where “3” and “4” are the x- and y- displacements
respectively, and are therefore the elements of the displacement vector.

> X

In this way, the length of a vector (also known as its magnitude or modulus)
can be found using Pythagoras by taking the square-root of the sum of the
squares of the elements. The modulus of a vector is denoted in writing by
placing it between vertical lines, so the modulus of a is written as |a| or
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sometimes just |a| without the bold letter, since it is implicit that the lower-
case “a” inside the lines represents a vector.

Unit Vector

Combining the two previous assumptions, we can scale any vector such that
it has unit length, by finding its length “L” and then multiplying the vector by
“1/L". A vector with length=1 is said to be a “unit vector” and is usually
denoted with a little “*” (hat) on top.

Subtraction
Vectors can also be subtracted by defining this as the addition of the
negative, just like in algebra:

a—b=a+(-b)

From the above, it follows that we can express the vector a, which represents
a displacement from point P to point Q as the difference of the coordinates.
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Scalar (Dot) Product
The scalar product is an operator (like + and -) which takes two vectors and
turns them into a single scalar quantity. It is written as a dot between the two
vectors (hence the alternative name dot product). So the scalar product of a
and b, say, is a - b and represents the size of one vector x the size of the
projection of the other vector onto it.

a-b = |a| x |projection of b onto a|

= |b| x |projection of a onto b|

(a-b)
lal

It can be calculated by summing the products of the corresponding elements
as follows:

a, b,
a, b,

a'b= : . . =a1Xb1+a2Xb2+"'+anan
a, b,

And it can be shown that:
a-b =|al|b|cosb

where 0 is the angle between the two vectors.
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It follows directly that:
a-b=b>b-a (i.e.itis commutative)

a-b = 0 if the two vectors are perpendicular
a-a = |a|® since vector a is parallel to itself, so 6=0
The dot product is distributive over addition and subtraction, which means we

can multiply out brackets as:
(axb)-c=a-ctb-c

2 3
Example: If a = < 3 ) and b = (0) find the angle between the two.
—6 4

lal =22+ 32+ (-6)2 =7
bl =324+ 024+42=5

a-b=2x3+3%X0+(—6)X4=6+0—24=—18

a-b
la||b]

—18
) = cos™ ! (—) = 2.11rad

Matrix Algebra

A matrix is a grid of numbers arranged in a bracketed rectangular array of
rows and columns. They are usually represented with upper case letters,
either in bold text, underlined or in square brackets, such as A, A4 or [A]. For

example, a matrix A might be:

ay;1 Qg A1n

az1 Ay Arn
A= ;

Am1 Amz2 °° Qmn

A has m rows and n columns. The order of A is (mxn). If n=m then the
matrix is square of order n. The individual quantities a; making up the matrix
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are known as elements of the matrix. Two matrices are equal if and only if
they have the same order and all the corresponding elements are equal.

A matrix with a single column can be thought of as a vector, and much of the

algebra derived above also follows for matrices. For completeness we will
briefly look at elementary algebra here.

Addition
To add two matrices we simply add together each corresponding element.
If C = A + B, then ¢; = a; + by, where i=row, j=column

We can only do this if the two matrices have the same order.
Example:

Y E3 s B [

As with vectors, it is clear that matrix addition is commutative:
A+B=B+A

and associative:
A+(B+C)=(A+B)+C

Subtraction

Subtraction is defined in the same way, i.e.:

If C = A - B, then c; = &; - by, where i=row, j=column

Example:

S B I B AN

Multiplication by a scalar
Just as with vectors, multiplying a matrix by a scalar simply multiplies each
element by the scalar:
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_[G11 Q12 Qi3 _[3a11 3aq; 3ag3
IfA—[a21 a“ aza],then 3/1_[3a21 30n 30n

Matrix Multiplication

We can form the product AB only if the number of columns of A equals the
number of rows of B. If this is the case the matrices are said to be
conformable.

To form the first element (position 1,1) of AB, we must take the dot-product of
the elements of the first row of A and the first column of B. Similarly the
element of AB in the (1,2) position is given by “dot-producting” the first row of
A by the second column of B, and so on. e.g.:

bll b12

a;p Aq2 Qg3
S |
21 22 231 |, b

31 32

_ (a11b11 + aq3byq + ay3bsy)  (ag1b1p + agzbyp + a13b32)]
(az1b11 + azpby1 + az3bzg)  (az1b1p + azybyy + azsbs,)

[ Apow1 ]
AROWZ

BColl BColZ

— [(ARowl ) BColl) (ARowl ) BColZ)
(ARowz ) BColl) (ARowz ) BColZ)

More formally, if C = AB where A has order (mxn) and B has order (nxp)
then an element of C is given by:
n

Cij = Z Ak by

k=1
And the result, C has the order (mxp) i.e. m rows and p columns.

Note that, in general AB#BA
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2 1 1 3 1
Example: IfA=[ ]and B= [2 3] find AB
1 0 2
1 2
3 1
2 1 1
AB = ]F 3
1 0 2 1 2

2x3+1x2+1x1) 2x1+1x3+1x2)
k1x3+0x2+2x1)(1x1+0x3+2x2J
:[m+2+1)(2+3+m]=P 7]

B+0+2) 1+0+4)] Is 5

Transpose

The transpose of a matrix A is denoted by A" and is formed by swapping
rows and columns. The row become the columns and the columns become
the rows, in effect mirroring the matrix along the leading diagonal. So, if:

1 2
r 1 3 5
3 4 then A _b e

5 6

A=

Special Types of Matrices
Row and column vectors
A column vector is a matrix of order (mx1). Column vectors are usually

denoted as vectors by lower case bold letters (in typescript) or underlined
lowercase letter (in handwriting):

a;
a;

a=|. and a’ =[a1 a; - Ay
am

The transpose of a column vector is a row vector of order (1xm).
Zero (or null) matrix

An (mxn) matrix where all the elements are zero is known as a zero or null
matrix of order (mxn), often written O, €.9.:

0 0
032=0 0

0 O

© University of Bath 2012 10




AR10367 Mathematicsl Vectors & Matrices

Clearly, as with the number zero in algebra, adding the appropriate order zero
matrix to any matrix A leaves it unchanged:
A+O0O=0+A=A

Diagonal Matrices
Diagonal matrices are always square and have all elements equal to zero
except those on the leading diagonal, i.e.:

1 0 0
ajj = 0if iz e.g. [0 3 0]
0 0 2

ldentity matrix

The identity matrix (or unit matrix) is very important in matrix algebra. Itis a
square matrix of order (mxm), denoted by I, and is a diagonal matrix with all
the elements on the leading diagonal equal to 1, i.e.

aiJ':O if I?’—'j
;=1 if 1=
1 0 O
e.g.13=[0 1 0]
0 0 1

Under multiplication, as with the number one in algebra, multiplying any
(mxm) matrix A by | leaves A unchanged:

Al =1A =A
More generally, if A is an (mxn) matrix, then:
InA =A and Al,=A
Representation of Linear Equations
Matrix multiplication is useful for representing systems of linear simultaneous
equations. We will come back to this later, but for now note for example:
X+ y+z=5

2x+4y+z=3
oy+z=1

)l

If you don’t believe me, multiply out the left-hand-side...

can be written:
1 1 1
2 4 1

0 6 1
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Determinants

Analogous to the modulus of a vector, a determinant somehow gives a single
measure of the collective size of the elements in a square matrix. Again,
similar to the modulus of a vector, the determinant is denoted by placing the
matrix within vertical lines, thus the determinant of a matrix A is written |4],
and again, the bold typeface for the matrix is sometimes ignored, as |A4|,
since it is obvious from the capital letter and vertical lines that the thing inside
is a matrix. Occasionally the determinant is written as a function, det(A).

First Order
In the most trivial of cases, a first order matrix is a 1x1 matrix containing a
single number. In this case, the obvious way of measuring the size of the
element is to use that single element. So:

If A =[ay;] then |A] = lay;| = ay,

For example:
IfA =[4] then |[A| = |4] =4

Second Order
More generally, determinants arise naturally from the solution of a set of
linear simultaneous equations. Suppose we have the following pair of
equations where x; and x, are our unknowns:

A11Xy + a12X2 = by

Ap1X1 + Ax2X2 = by

Solving for x; and x, in the usual way, we find that:
a,,bi—aq,b ay1b,—a,1b
X, = 2201—01207 andx2= 1102—0A2101
A11A22—012021 A11A22—012021

Provided aj;a,, — apar # 0. We now define this quantity as:

ay1 Qg
az1 Ay

D= | = 91032 — Q12071

We call this a determinant. In this case, since there are two columns and two
rows, it is a second order determinant. The diagonal containing a;; and ay; is
called the leading diagonal.
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The second-order determinant is given by multiplying the two numbers in the
leading diagonal and subtracting the product of the numbers in the other
diagonal.

Example:

B _34|=|1\3|—| ........ |—1><3—( 4) x 2 =11

Third Order

If we now consider the system of equations:
X + apy + azz = by
Ap1X + Ay + axsZ = b
az1X + azy + azzZ = b3

The denominator of the solutions (i.e. expressions for x, y and z) is defined as
a 3x3 determinant:

ay1 A1 Qg3
az1 QAzp Q3
az1 dzp dAzz

D=

Again, this can be found by looking at the multiples of the diagonal entries.
However, we need to “wrap around”:

a12 a3 (a11) (aiz)
a22§a23><(a21)\(a22)

a31 asz,”azz’ Maz) (asz)
D = +ajja833 + 12823831 + A13821832
— djzdppdz) — djjdpzdsp — djpdp1dsas
= +a;;(az2833 — ax383))
— as2(az1833 — ax3a31)

+ ai3(az1832, — ax831)

It can now be seen that the determinant can be expressed in terms of 2x2
determinants:
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az; a23| —a |a21 a23|
aszp; dss 12]lasz; ass
= ay My — a;;Mq; + a3M5

azq a22|

D.=a | a |
3 11 13 (ay;  asy

Here, My, My, and My3 are the second order determinants remaining when
the row and column containing a; 1, a;, and a;3 respectively, are deleted, e.q.:

aiq X X
Mi; = X |a22 a23|
X a3z dAzz

These determinants are called the minors of a;;, a;, and a;3. Similarly we
could have expressed the determinant in terms of a,;, a,, and a3 with
corresponding minors, M»;, My, and M,z where, for example, the minor M,,,
corresponding to a,; would be formed as:
X a2 Aag3
Mz1 = |G21 X X
X az; dzz

So, in this case the determinant is:
ai; a13| aiq a13|

aszp; dsz aszq1 dzs
= —ay1 My + a3, My, — a3Myg

a1 a12|

_a |
23laz; as;

D; = —ay, | az; |

The result would be exactly the same. In fact we can expand in terms of any
row or column. So, in general the minor, M;, is given by removing row i and
column j from the matrix and forming the determinant of what remains.

Note, however, that the signs of each product change according to the rule of
alternating signs:

If we define the cofactor, c; of a; as: C;; = (=1 M;; then the determinant
becomes:
D = a;1Cq1 + @12C12 + @13C13

or, in general: D = }%_, a;;c;; when expanding along row i.
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4 -2 3
Example: Evaluate the determinant: |-3 0 —1| using a) the 1% row,
1 —4 2
and b) the 3™ column
a)
_ .10 =1, (-3 -1 -3 0
_4|—4 2 | ( 2)| 1 2 |+3| 1 —4|
= 4x(0x2—(-1)x(-4)) + 2x((-3)x2—(-1)x1) + 3x((-3)x(-4)-0x1)
= 4x(0-4) + 2 x (-6+1) + 3 x (12-0)
= -16 -10 + 36
=10
b)

=37 Sl-eofp Dl T

= 3%((-3)x(-4)—0x1) + 1x(4x(-4)—(-2)x1) + 2x(4x0—(-2)x(-3))

= 3x(12-0) + 1x(-16+2) + 2x(0-6)
=36 -14 -12
=10

An unexpected property of determinants is that when any row is multiplied by
the cofactors of a different row, the result is always zero. For example,
consider the expansion:

A11C21+812C22+813C23 = 0

Here, the a’s come from row 1 but the cofactors, c, are associated with row 2.
So, expanding the expression where:

a1 Q12 413
a1 Qp; dps
asz; dzz dzz

D=

We get:

a11C21ta12C22+a13C23

-a11(A12833-13832) + Ar2(A11833-A13831) - A13(A11832-812831)
-a11ay2a33 A 1d13a32 A 2A11A33-A12813A31-A1311832T Q13812831
0
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So, in general:

Properties of Determinants

There are several properties of determinants which we can use to help
simplify the calculation of the determinant. In the following, we will refer to:
a;; Q12 Q13
D= (A1 Q2 Qa3
az; 04z dszs

If rows and columns are interchanged the value of the determinant remains
the same:

a1 42 Qg3 ay1 4z Qaszp

Az1 QAzp Q3| =|A12 Gz Az

az1 dzp dazz a3 dz3 dAzz
i.e. |Al = |AT|

If two rows (or columns) are exchanged, the determinant changes sign:

ai1 Qg2 Qg3 a;1 Aqz2 Qg3
az1 dzp Q3| =—|A317 043z dz3
az; dzp dazz Az1 Az QA3

If two rows (or columns) are identical then the determinant is zero. This
follows from the previous property, i.e. exchanging rows changes the sign of
the determinant, then if two identical rows are exchanged this can only be the
case if the determinate is zero.

ai1 Q12 Qg3

Az1 Ay A3 =0

i1 Q12 Qg3

If all the elements of any row (or column) are multiplied by a common factor,
the value of the determinant is multiplied by this factor:

a1 a2 aq3 a;p Aqz Qg3
Aayy Aaz, Aaxz|=2Alazy az; ax;
asq as, sz az1 dzpy Azz
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If any two rows (or columns) are proportional to each other, then it follows
from the previous two properties that the determinant is zero.

a;; Aag;  ags a1 Q11 Aq3
a1 Aaz; a3l =A11021 Q21 Q3| =A0=0
a31 /1(131 a33 a31 a31 a33

If a multiple of a row (or column) is added to another row (or column) the
value of the determinant remains unchanged:

a1 Q12 Qg3 a1 + a3 ag;  ags
Az1 Qzz Qo3| =|ap; +Aays Az Ay
az; Qzz 04z az; +Aazz asz; dass

If the matrix is diagonal then D = a;;a,,a33a44...an 1.€. €xpand along first row:

a1 0 0
p=|0 a, o0l|=a.|% O]_
= 22 =ai 0 a = 011022033
33
0 0 as;

If the determinant is triangular then D=a;;a,,833844...an, i.€. expand down first

column:

ay1 412 4g3

0 a .| — Qzz A3
22 23| = aq1 | ¢

D =
0 0 as @3

| = 011022033

We will see the significance of some of these properties later!

Higher Order Determinants

An n" order determinant can be evaluated in exactly the same way as for the
3" order determinant;

A1 Az 0 Qqn n
D= Qz1 dzz -+ dpp|
R A
=1
Ap1 Qn2 ** Qpn J

The cofactors are defined in the usual way: ¢; = (-1)" M
In fact the method of expansion along a row / column by taking alternating

signs, deleting the row & column and multiplying by determinant of the rest is
completely recursive.
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lay1| = a1

aq a12| _|ta;r X _|_| X 4

a1 Az X laz,| laz | X

a;1 Q12 g3 +aq4 X X X —aq, X

Q1 Az QAx3|=| X |a22 a23| + |a21 X a23| + |
az1 Qa3 d4zg X azp; 04s3 az; X daz3

A1 A2 Q13 Qq4 +a;; X X X X  —aqy
Q21 Qz2 Qz3 Q4| | X Az2 Q23 Q34

A31 A3y Q33 A3y X Az A3z 0434

Qg1 Ay Q43 0433 X Agp Qg3 Qg

However, calculating the minors of higher order determinants can become

quite tedious by hand.

For example, evaluate the following 4™ order determinant:

2 3 5 -1
1 2 -3 2
4 -1 2 5
2 -2 3 1

We could expand by the 1% row:

2 -3 2 1 -32 1 2 2 1 2
=2/-1 2 5-34 2 5+54 -1 5-(-Dl4 -1
—2 3 1 |2 3 1 |2 -21 2 -2

=2 -26+27+2]-3[-13-18+16]+5[9+12-12]

=6 +45+45+3 =99

© University of Bath 2012
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az1 X Az
az; X dazs
Ag1 X QAzg

12 5 -1 8 |-1 2
_; 2‘ ‘_(_3)‘ ‘2‘ ‘H H ]..etc
31 ~2 1 -2 3

=2 22| - 53) - (-3)(-1| ~ 5~ 2) +2(-13 ~2]-2) ]-3[ ]+5[ ]...etc

Vectors & Matrices
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However, using the properties discussed earlier, we can be much more
cunning...

For example, subtracting multiples of one row from another does not change
the determinant. So, since row two has a “1” in the first column, we can
subtract multiples of row two from the others to make their first entries zero:

3 5 -1 0 -1 11 -5] & —2xRow2
2 -3 2| 11 2 -3 2

-1 2 5| |0 =9 14 -3 & —4xRow2
-2 3 1 0 -6 9 -3 & —2xRow2

N A, N

So now we just need to expand down the first column and the problem is
reduced to a 3x3 determinant (remembering the template of alternating signs:

-1 11 -5
=-1Xx|-9 14 -3
-6 9 =3

We can use the same trick with this 3x3 determinant, for example subtracting
multiples of row one to give zeros in the first column:

-1 11 -5 -1 11 =5

=—|-9 14 -3|=—-|0 -85 42 < —9xRowl
-6 9 -3 0 =57 271 & —6xRowl

Expanding down first column therefore gives:

_ —85 42

=-CDx |2 5

= -85x27 - 42x(-57)

=99
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Inverse of a Matrix

The inverse of a matrix is another extremely useful part of matrix algebra.
The inverse A™ of a matrix A is such that:

ATA =AAT =

Only square matrices have an inverse. It is analogous to the reciprocal in
algebra, where any number can be multiplied by its reciprocal to give one.

So, how do we find the inverse of a matrix? As an example we will examine a
(2x2) matrix:

a b
A=
c d
Suppose the inverse of this matrix is:
Al e f
g h

We want to find the values of e, f, g and h which satisfy the following:

AA_1_abe f_l O_
“|c dfg h| |0 1

Evaluating this (i.e. multiplying the two matrices) we get four simultaneous
equations:

ae+tbg =1
af+bh =0

ce+dg=0
cf+dh=1

Solving for the four unknowns we find:
d —-b
e = f R —
ad —bc ad —bc
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—C d
g=——— h=——
ad —bc ad —bc

Thus, we can say that:

d —-b

ai_[@ b _fe f]_|lad—bc) lad-be
c d g h —-C a
ad —bc ad —bc

Now, recalling the definition of determinants, the quantity ad - bc is the
determinant of the (2x2) matrix A.

\A\:a b —ad —bc
c d

So, to find the inverse of a (2x2) matrix A:
e Swap the elements on the leading diagonal.
¢ Change the sign of the other two elements.

¢ Divide all the elements by the determinant of A. This can be thought of
as multiplying by 1/|A]|.

The matrix: [_dc _ab] Is known as the adjoint of A or adj(A).

So, we can write the inverse as:
At adi(A)
det(A)

If (ad — bc) = 0 then A™ is undefined and the matrix A is said to be singular.
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Example: Find the inverse of the following (2x2) matrix: A = [_35 Z]
|Al =ad —bc=3%x2—-7%X(-5)=6+35=41

N~ _[d —=bl_[2 =7
ad](A)_[—c a]_[S 3]

19 _
=A™= H[é 37]

Adjoint Matrix

The inverse of larger square matrices can be found in exactly the same way
as for the two by two matrix, i.e.

_ adj(4)
~ det(4)

-1

We know how to calculate the determinant of larger matrices, but how to we
find the adjoint of A, adj(A)?

The matrix adj(A) is formed by assembling the matrix of the cofactors of A
and taking its transpose. So for square matrix A:

A1 Q2 Qqq

Az1 Az -+ Q2n
A= : . :

An1  Gnz *° Qpn

Recalling the definition of a cofactor: ¢; = (-1)" M;

The matrix of cofactors, C, is:

€11 G2 Cin

€21 C2 ** Czp
C=1": : . :

Cn1 Cn2z *° Cnn

So that the adjoint of A is given by the transpose of the cofactor matrix:
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€11 €21 Cn1

) Ci2 €22 Cn2
adj(A) = ch = : : :

Cln CZn Cnn

Proof:

Vectors & Matrices

Consider the determinant of A expanded by the first row:

det(A) = a11C11 ¥ a12C12 + ... + A11C1py

Now, we have already seen that if we that if we multiply a row by the
cofactors associated with a different row, the result is always zero, e.g. 1

row multiplied by cofactors of second row:
a11Cp1 + A12C22 + ... + @1Con = 0
So, in general:
n

z aiijk =0

k=1
= |4]

L+ ]
i=j

Now, if we consider the product:

ay1 Qg2 Ain| €11 €21 Cn1

) az1 Az Aon| €12 €22 Cn2
Aadj(A) =| ; : : : : :

an1  Qnz Annl L¢1n C2n Chn

We can see that we are multiplying elements of A by cofactors of A. So

using the previous two equations we obtain:

Al 0 -+ 0 1
Aadjeay=| 0 1A 00 (O
0 0 - |A] 0
Hence:
adj(4) _
|A
and, therefore:
adj(A)

_1:

Al
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This is a simple method of finding the inverse but other methods (e.g. LU

decomposition) are usually more efficient.

Example: Find the inverse of:

A —

First find det(A), e.g. by expanding down first column:

1 3
0 1
1 -5

1 3
Al=0 1
1 -5

= (1x(-2) - 6x(-5)) + ((3x6 - (-2)x1) = 28 + 20 = 48

Then find the matrix of minors, and apply the alternating signs to give the

— 2]
6
—2

-2
1 6
6 |=1x -0
-5 -2
-2

3

-5

-2
—2

cofactor matrix, and take the transpose to give the adjacent:

SO

A—l

(28 -6 -1] (28 6
-16 0 -8| C=|16 ©
120 6 1 120 -6
(28 16 20|
adj(A)=C"' =6 0 -6
-1 8 1
_ (28 16 20|
_adj(A) _ 1 6 0 -6
A 48
-1 8 1

© University of Bath 2012
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Geometric Representation

Equation of a Line

Vectors & Matrices

As seen previously, a vector can be used to represent a direction in space.
For example, if point P is at a coordinate represented by vector p and point Q
Is at a coordinate represented by vector g, then the vector d representing the

displacement from point P to point Q is given by:

d=P0=P0+0Q0=-0P+0Q=—P+G=0—

p

Two times d would represent a displacement from P to Q and then the same

displacement again:

Y

So by multiplying the vector by a scalar parameter we can find an equation
for the infinite set of points which lie on a line parallel to the direction PQ.

Parametric Definition

The specific set of points, r say, which lie on a line in the direction PQ and
which also pass through points P and Q can be found by first making a fixed
displacement from the origin to point P (or Q) and then following this by a

scalar multiple of the vector d (or —d).

© University of Bath 2012
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r=p+Md = F+AG-P)

Every value of the scalar A gives a point r which lies on the line PQ. In
particular, in this case, a value of A=0 will give a point at position P and a
value of A=1 will give a point at position Q. A value of A=0.5 will give a point
half way between P and Q, etc.

Example: Find the parametric equation of a line in the direction d=(1,1,1)
which passes through point P=(3,-5,2).

3 1
Equation of line = OP + Ad = (—5) + A <1)
2 1

Example: Find the parametric equation of a line which passes through
points P=(2,0,1) and Q=(0,2,3).

A 0\ /2 -2
Directiond = PQ = 0Q — OP = <2> - (0) = ( 2 )
3 1 2

2 -2
Equation of line = OP + Ad = (0) + /’l< 2 )
1 2

Rather than have the parameterisation scaled such that the point moves from
P to Q as A changes from 0 to 1, it is often useful to unitise the direction
vector, such that the parameter A actually refers to the distance from point P
towards Q (as opposed to the proportion of the distance from P to Q).
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Example: Find the parametric equation of a line which passes through
points P=(2,3,2) and Q=(4,4,0) and find the point “R”, on the line, which is 3
units further away from Q than from P.

R

()}

, .1
ld| =v22+12+(-2)2=3 = d=§< )
-2

2 2/3
Equation of line = OP + Ad = (3) +A< 1/3 )
2

. 2 1/ 2 2 2 0
R=0F+ (2= (3)+ 03 1)=(5)-(1)-(2)
2 -2/ \2/ \-2/ \4

Equation of a Plane

Parametric Definition

Just as a line can be defined by a displacement from the origin to a point on
the line, followed by a scalar multiple of a vector in the direction of the line, so
a plane can be defined by a displacement from the origin to a point on the
plane, followed by a scalar multiple of one vector in the plane, followed by a
scalar multiple of another vector in the plane, so long as the two vectors are
not parallel.

For example, the point p and the two vectors a and b in the sketch below lie
within a plane and a and b are not parallel. Therefore, any point r within the
plane can be defined as:

r=p+ia+ub
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For example, we can find the parametric equation of the plane which contains
points A=(1,0,1), B=(2,2,2) and C=(5,4,-1).

One line within the plane is
. 2 1 1
2 1 1
Another line within the plane is

e (2)-6)-(4)

These lines are not parallel (one is not a multiple of the other, the angle
between them according to the dot product is not zero, etc.) so they define a
plane.

One point on the plane is point A.

Equation of plane is:

1 1 4
r=ﬁ+lﬁ+uﬁ=<o>+a<2)+u<4)
1 1 -2

Vector Definition

Another way to define the equation of a plane is to use the dot product.
Suppose, in 2D, instead of knowing a point on the line and the direction of a
line d, a point p on the line and the vector n normal to the line is known.
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> X

For all points r along the line, the direction vector d could be reconstructed as
d =r—p. Since d and n are perpendicular, the cosine of the angle between
them is zero and so the relation d-n=0 or (r-p)-n=0 can be deduced.

Moving into 3D, in a similar way to a line, a plane can be defined by a point p
on the plane and a vector n normal to that plane. For all points r on the plane,
once again, the direction vector d could be reconstructed as d = r—p.

> X

And again, since the plane can be defined as the set of points perpendicular
to n, the same relation d-n=0 or (r-p)-n=0 holds and we can define the
equation of a plane normal to n and through point p to be:

(r-p)-n=0

Since the dot product can be multiplied out (it is distributive) then
r-n—p-n = 0 and the equation of a plane is sometimes written as:

rn=p-n

If the vector r is represented as r = (x,y,z)" and the dot-product is expanded,
the more familiar Cartesian form of the equation of a plane can be found.
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Example: Find the vector equation of the plane which passes through point
P=(2,0,1) and is normal to the vector n=(3,1,-1). Convert the equation to

Cartesian form.
2 3
=<0>-< 1)=6+0—1=5
1 -1

S

S|

T

Vector equation:
3

( :

-1

In Cartesian form:

x 3
<y>-<1>=5 = 3x+y—z=5
z -1

Vector (Cross) Product

The vector product is an operator (like + and -) which takes two vectors and
turns them into another third vector. Itis written as a cross between the two
vectors (hence the alternative name cross product).

So the vector product of a and b, say, is a x b and represents a vector
perpendicular to both of the other two and in the direction of a right-handed
screw being rotated from vector a to b.

axb

bXxa

a

It follows directly therefore that the cross product is not commutative (the
order matters) and in particular:
aXb=-bXa
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The cross product can be calculated by evaluating the determinant of the
corresponding elements as follows:

X Yy z ayb, — a,b,
axb=|% 4 Q4z|={ a,b, —a,b,
bx by bz axby — aybx

And it can be shown that:

la X b| = |a||b|sin8

where 0 is the angle between the two vectors.

Which shows that:
a X b = 0 if the two vectors are parallel

a X a = 0 since vector a is parallel to itself, so 6=0

The cross product is distributive over addition and subtraction, which means
we can multiply out brackets as:
(axbh)Xc=axctbXc

Vector Product as an Area

By considering the parallelogram formed by the two vectors, the modulus of
the cross-product can be seen as equal to the area of the parallelogram, or
twice the area of the triangle they define.

B C

bsin®

0 a A

|a X b| = Area OACB = 2 Area OAB

© University of Bath 2012
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Example: Three coordinates A=(1,1,1), B=(2,0,-2) and C=(4,3,2) define a
triangle in 3D space. Find the area of the triangle, and the unit vector
perpendicular to it.

Vector of one edge:

Vector of other edge:

eeco=())-()-C)

Normal to both edges:

x y z 5
n=ABxAC=|1 -1 -3 =<—10>
3 2 1 5

|7i] = /52 + (=10)2 + 52 = V150

1 . 150
Area AABC = 5 |n| = —

Perpendicular Unit Vector:

a 5 5 1/V6
ﬁ=£=L<_10>:L<_10>: _2/\/8
Inl  vis0\ ¢ ) 5Vée\ ¢ VG

A nice property of the distributive nature of the cross-product makes the
calculation of the area of a triangle possible directly from the coordinates,
rather than having to derive the edge vectors as above. The area of the
triangle with vertices at positions A, B and C is given by:

1—> —_—
=§MBxAd

1
=>1(B=A) x (C~A)

1
=§me—BxA—AxC+AxM

1
=§|B><C+A><B+C><A+OA|

1
=§|A><B+B><C+C><A|
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So the area of the triangle defined by three points, A, B and C is given by:

1
AreaAABC=§|A><B+B><C+C><A|

For example, using the three points A, B and C defined in the previous
exercise, gives:

Xy z -2
AxB=([1 1 1 =<4>

2 0 -2 -2

Xy z 6
BxC=1[2 0 —2=(—12>

4 3 2 6

X y z 1
CxA=1|4 3 2=(—2>

1 1 1 1

—2 6 1 5
AXB+B><C+C><A=<4)+<—12>+(—2>=(—10>
-2 6 1 5

JAXB+BxXC+CxA| =452+ (—10)2 4+ 52 = V150

V150

1
Area=§|A><B+B><C+C><A|:T

Which thankfully gives the same answer as found using the edge-vectors!

Vector Definition of a Line
The property of a cross-product being zero if the vectors are parallel gives an
alternative means of describing the equation of a straight line.

Suppose r is a general point on a line which passes through point p in
direction d. Then the parametric form of its equation is:

r=p+Ad

But we know that (r—p) is parallel to d, so:
(r—p)xd=0

Since the cross product can be multiplied out (it is distributive) then
r xd—p xd = 0 and the equation of a plane is sometimes written as:

rxd=pxd
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Example: Find the vector equation of a line which passes through points
P=(2,3,2) and Q=(4,4,0).

The direction of the line d is:

o= --(0)

So the equation of the line can be written in the form (r — p) X d = 0 as:
4 2
;e (4) y ( ! ) o
0 -2

Orintheformr xd =p x d as:

2 4 2 x y z
FX(1)=<4>X<1)=4 4 0
-2 0 -2 2 1 -2

()0
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