Projectile Motion Maths for Fireworks Fallout Distance

Site Manager Expert Support

Projectile motion is common physics problem and is used to describe the motion of an object (projectile) after it has been thrown forwards and upwards and is only under the influence of gravity. This is the ideal condition and real world conditions will be discussed later. In the idealised physics problem the projectile follows the shape of a parabola. This is the type of motion that a pyrotechnic star or shell will follow after it has been ejected from the mortar tube. This is a quick guide of various mathematical methods that can be used by the students to determine the fallout distance of the exploded fireworks required for a safe display. Using algebra and trigonometry, the trajectory path of the projectile can be determined, and from this the maximum distance to expect the aerial shell to appear on the ground. Please feel free to adapt these methods to your own facilitation style and the students you are working with. Always encourage the keen students to explore the maths further.

Try to get the students to do the maths associated with this part of the project. On your brief there are estimates for initial velocity. Most fireworks companies set θ to 60-70o. Do not tell this to the students, but guide them in the correct direction. Have them think about what would happen if θ were 90o or 0o, perhaps. Also on your brief are the estimates used by fireworks companies for fallout distances. The answer from the calculations here should be much larger that these estimates, because the estimates account for air resistance. If the students find their own estimates, this is okay. It is part of the process. There is also a program called ShellCalc, for which a licence needs to be bought, that the real companies often use. This incorporates all the other forces which are seen in the real world. This information may be useful to some students, if they are interested. 

The Maths:

Using vector theory, the components of the initial velocity are separated into its x and y components. Using the Pythagorean Theorem, equations for the component velocities can be determined:
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Using the knowledge that distance = (rate)(time) and integration techniques the x and y components of the trajectory, we get the equations for the positions x and y, in relation to the time, t, that the projectile has spent in the air:
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To get a better idea of how x and y relate to each other, t can be eliminated from the equations, giving the y = ax + bx2 type equation, below:
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Equation 1 

Equation 1 shows the basic form of projectile motion in 2 dimensions. The initial velocity, νi and the angle of projection from the ground, θ, determine the shape of the parabola. ymax is the highest point reached by the projectile and x is the distance travelled at each y-value. Gravity, g, is included in the equation: it is this downward acceleration of the projectile that makes it reach the ground. -9.8ms-2 is the most common value for g. Figure 1 shows the forces experienced by  the projectile, Figure 2 shows the parabolic path of the projectile.
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	Figure 1 – Force diagram of basic projectile motion.
	Figure 2: Graph showing parabolic path of basic projectile motion.


To determine just the maximum distance the projectile travelled, y can be set to 0. This allows us to use the quadratic formula and some basic trigonometry identities to determine the maximum distance, d, travelled by the projectile. The algebra and trigonometry behind this will not be covered in this document.
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Equation 2        

As was mentioned earlier, the above equations are for the idealised situation. In the real world there are 3 dimensions to consider and wind resistance. Wind resistance is one of the most important features to real world projectile motion; however, the maths is significantly more complicated and requires good knowledge of differential equations and calculus. 

As an expert in this project, this would be a good moment to facilitate the thought process of the Site Managers. How will the wind affect the force diagram (see examples in Figure 3)? How will the wind affect the trajectory of your aerial shell (see examples in Figure 4)? What safety concerns should be considered with the changes the real world brings?
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Figure 3: Force diagrams including wind resistance or wind acceleration.
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Figure 4: Examples of trajectories with the wind accounted for both with and against the direction of the path of the projectile.

